The relationship between phase shifts produced by two supersymmetric (SUSY) partner potentials has been examined critically. Phase shifts produced by two SUSY partner potentials bear a simple relation irrespective of being shape invariant potential (SIP) or not (non-SIP). In general, the phase shift cannot be obtained algebraically, even for standard SIPs except the Coulomb potential.
Introduction
H Supersymmetric quantum mechanics (SSQM) was introduced by Witten [1] , Coopper and Freedman [2] as a simple model for testing supersymmetric field theories which were introduced by Gel'fand and Likhtman [3] for a unified description of the fundamental interaction in nature. The study of SSQM has since been of great interest, as it provided an insight into the factorization of the Hamiltonian and introduction of partner Hamiltonians having wholly or partially identical energy spectrum. It also explained analytical solvability of potentials, whose partner potentials have the same shape, introducing the concept of shape invarince. From a given Hamiltonian (H 1 ), a partner Hamiltonian (H 2 ) is usually obtained by deleting the ground state of H 1 , the rest of the spectrum of H 1 being identical with the spectrum of H 2 [4] . The partner Hamiltonian H 2 can also be obtained by adding an energy level below the ground state of H 1 or by matching the spectrum of H 2 identical to that of H 1 (isospectral Hamiltonians) [5] . We will focus our attention to the first class of partner Hamiltonians. An elegant and exhaustive review of the procedure and its consequences can be found in Ref. [4] . The principal result is the energy degeneracy, viz., where is the energy of the n-th excited (bound) state of H , then the potential is said to be a "shape invariant potential (SIP)". It can be shown that the entire bound state energy spectrum and corresponding energy eigen functions of
can be obtained algebraically if V is shape invariant [4] . However, shape invariance is not a prerequisite for obtaining the partner potential from any starting potential V . The partner potential can be constructed, if the ground state wave function of the original potential is known, even if the corresponding Hamiltonian is not solvable analytically. Hence for any given potential , one can construct the partner potential V , according to a clear prescription (to be outlined in Section 2), such that V has the same energy spectrum as V , except that the ground state of V will be absent in the spectrum of . Then extending the procedure to scattering states, one can show that the phase shifts produced by and bear a simple relation [5] , which will also be outlined in Section 2. Since this procedure is valid for any potential , the relationship between the phase shifts produced by V and V should also hold whether or not is shape invariant. Likewise, energy degeneracy
and relation between 
The operator A destroys a node of an eigen function of
This procedure can also be extended to the scattering (unbound) states. From the asymptotic form of the scattering wave function, one can then find a relation between the phase shifts produced by the two partner potentials [5] . If the potential V of the partner Hamiltonian
should also hold even if is not shape invariant. In Reference [5] , it was shown analytically that the phase shift relation holds for the Coulomb potential, which is well known to be shape invariant. In connection with that derivation, to be outlined in Section 2.2, it was shown that if the original potential is taken with an orbital angular momentum l, then the phase shift of the partner potential corresponds to angular momentum ; = = ; V r a l V r a
Consequently, the phase shifts associated with V corresponds to orbital angular momentum  . On the other hand, for a non-SIP, there is no shape invariance condition, Equation (1). Hence is not explicitly associated with orbital angular momentum
It is actually associated with orbital angular moentum l, but its behavior is
(as will be shown in Section 2.2). This may cause a serious pitfall in assigning orbital angular momentum for the partner potential : if an explicit  is taken for V , it will give wrong results. Instead, one should include l in only and then calculate its partner V , without additional inclusion of any l. We wish to stress this point in this paper, to avoid a possible pitfall.
In the present work, we critically examine the relationship between phase shifts produced by the two partner potentials for both SIP and non-SIP. We find that the difference between the phase shifts produced by V and for both SIP and non-SIP do not obey the SSQM predicted relation, if and its supersymmetric partner are taken with l and respectively, whereas it is obeyed when both V and are taken
with the same l. Thus, unless the parameter involved in the shape invariance relation, Equation (1), change automatically from l to , one should not change l for the partner.
The paper is organized as follows. In Section 2, we briefly recapitulate the basic relations between energies, eigen functions and phase shifts of the partner potentials. We also indicate how the partner potential can be constructed for any potential, if its ground state wave function is known. In Section 3, results will be presented for the finite square well potential, which is a non-SIP, along with the Pöschl-Teller potential (SIP). The difference of their phase shifts will be compared with the expectations from SSQM. In Section 4, we draw our conclusions.
Partner Potentials: Relations between
Their Observables
Energy Degeneracy and Shape Invariance
In this sub-section, we present an outline of energy degeneracy associated with partner potentials, following the review article of Cooper, Khare and Sukhatme [4] . Consider a spherically symmetric potential V . The energy scale is so chosen that the ground state of orbital angular momentum l in this potential has zero energy. We assume that V goes slower than 
where,
Define a "super potential" through
Define a partner potential
and the corresponding Hamiltonian
one sees that
The eigenvalue equations satisfied by these Hamiltonians are
Then one can easily see that (energies are expressed in the scale in which ) [4]   
is said to be a shape invariant potential (SIP). The parameters of the partner are obtained as a simple mathematical function of the original parameters of eff . Then it is easily seen that the entire energy spectrum is obtained algebraically [4] .
From Equations (4)- (6), we have
This shows that the r behavior of eff V corresponds to angular momentum l + 1, since for , 
The operator A takes an eigenfunction of H into an eigenfunction of   2 H (including those corresponding to continuous eigenvalues).
Relation between the Phase Shifts Produced by the Partner Potentials
For scattering states, energy should be in the continuum. In the energy scale chosen so far, and . Now we change our energy scale by shifting it by such that each one of V and vanish in the limit . Energies of the bound states are expressed as
We consider scattering states and 
To calculate phase shifts, we need the asymptotic forms of these wave functions. For ,
Hence we have
The asymptotic form of is
where l is the phase shift produced by eff , corresponding to orbital angular momentum l and energy
. Substituting it in Equation (17), we have
is the phase shift produced by , corresponding to
. Note that the behavior of the partner potential corresponds to orbital angular momentum  [see the discussion following Equation (12)], which justifies the subscript of
is the phase shift produced by eff V r , which is the supersymmetric partner of , and not
where is the supersymmetric partner of V ), even though 1 l  corresponds to the phase shift of the   1 l  -th partial wave. Thus it will be wrong to take the phase shift of the explicit -th partial wave of , unless l is the shape invariance parameter of Equation (1), such that
For a shape invariant potential, for which Equation (1) holds, l and 1 l  correspond to the same functional form of the potential. Hence in this case, use of Equation (20) permits the derivation of an algebraic expression for the phase shift. This is true only for the Coulomb potential [5, 7] . In the above derivation, we have not assumed the shape invariance property [4] . Hence, Equation (20) should hold equally well for both SIP and non-SIP.
Results

Application to a Square Well Potential
As a simple application, we consider the partial wave in a square well potential having the form
Note that the finite square well potential, although solvable semi-analytically, is not an SIP. A bound state in this potential is obtained using the continuity of the wave function and its first derivative at . This gives a transcendental equation for the binding energy :
where
The numerical solution of Equation (21) 
Numerical Calculation of the Phase Shift
For the potential (with V  subtracted, so that vanishes asymptotically) the radial Schrödinger equation for the l-th partial wave takes the form
The asymptotic solution is given by Equation (18). We integrate Equation (24) 
For calculation of , we follow the above procedure, replacing V by in Equaiton (24).
eff eff
The partner potential is calculated using Equations (2), (4) and (6) . No explicit l-dependent term is inserted in .
Numerical Results
We choose dimensionless units: As a further check, we verified these relations by a numerical calculation for the Pöschl-Teller potential [4] , which is an SIP. Thus the phase shift relation is valid whether the potential is an SIP or not, when is obtained as the supersymmetric partner of eff , with no change in the l value, even though it may appear from Equation (20) that the phase shift for the partner potential should be for the -th partial wave. The calculated results are presented in Tables 1 and 2 for the square well and Pöschl-Teller potentials, respectively.
 
Conclusion
In this work, we have critically examined the relationship 
